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With the help of symbolic computation, the Whitham-Broer-Kaup shallow water model is analyzed
for its integrability through the Painlevé analysis. Then, by truncating the Painlevé expansion at the
constant level term with two singular manifolds, the Hirota bilinear form is obtained and the corre-
sponding N-soliton solution with graphic analysis is also given. Furthermore, a bilinear auto-Bäck-
lund transformation is constructed for the Whitham-Broer-Kaup model, from which a one-soliton
solution is presented.
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1. Introduction

In the last few decades, a large variety of physical,
chemical and biological phenomena have been gov-
erned by nonlinear evolution equations (NLEEs) [1 –
4]. Much attention has been paid to find the exact an-
alytical solutions of the NLEEs including soliton, pe-
riodic and rational solutions [1 – 5]. There has been a
great development in various methods of finding the
solutions [1 – 4], such as the inverse scattering trans-
formation (IST) method [6, 7], the Bäcklund transfor-
mation (BT) [4, 8], the Darboux transformation [9], the
Hirota bilinear method [10], the Painlevé method [11]
and the algebra-geometric method [12]. Among these
methods, the Hirota bilinear method is an important
tool to deal with NLEEs and soliton problems, and it
can be used to effectively construct the N-soliton solu-
tion in the form of an N-th-order polynomial in N ex-
ponentials for a large class of NLEEs [10]. One im-
portant step of this method is to transform the given
NLEE into its bilinear form via suitable transforma-
tions. However, there is no universal method to find the
transformations. In this paper, the authors report that
one can generally obtain a dependent variable transfor-
mation which can transform a NLEE into its bilinear
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form by truncating the Painlevé expansion at the con-
stant level term with one (two) singular manifold(s).
Subsequently, further study can be continued via the
Hirota bilinear method. For instance, the N-soliton so-
lution can be obtained and the auto-BT in bilinear form
can be constructed. For illustration, we consider the
Whitham-Broer-Kaup (WBK) model [13]{

ut + uux + vx + quxx = 0,

vt +(uv)x + puxxx −qvxx = 0,
(1)

where u = u(x, t) is the field of a horizontal veloc-
ity and v = v(x, t) the amplitude describing the de-
viation from the equilibrium position of the liquid;
p and q are constants that represent different diffu-
sion strengths. If p = 0 and q �= 0, system (1) re-
duces to the classical long-wave equations that de-
scribe shallow water waves with diffusion [14]. If p =
1 and q = 0, system (1) becomes the variant Boussi-
nesq equation [6]. In recent years, many efforts have
been dedicated to the study of WBK equations, espe-
cially of their symmetries and conservation laws [14],
their Bäcklund transformation [15] and rich families
of exact analytical solutions by various effective meth-
ods [16]. It is specially mentioned that some new soli-
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tary wave structures have been revealed by the ex-
tended tanh-function method in [5]. However, to our
knowledge, little research work has been done on this
model by the Painlevé analysis and the Hirota bilinear
method.

The structure of the present paper is arranged as
follows: Section 2 gives a review of the well-known
Painlevé analysis and applies this technique to the
WBK model. In Section 3, by truncating the Painlevé
expansion at the constant level term with two singular
manifolds, we obtain the bilinear form for system (1)
and give its N-soliton solution. Furthermore, Section 4
is devoted to the construction of an auto-BT in bilin-
ear form for the WBK model. Finally, Section 5 is our
conclusion and discussion.

2. Painlevé Analysis of the WBK Model

In this section, we give a brief review of the Painlevé
analysis and illustrate each step by the coupled WBK
model. As known, the Painlevé partial differential
equation (PDE) analysis was first proposed by Weiss,
Tabor and Carnevale (WTC) [17], which has been
proved to be one of the most successful and widely
applied tools in studying the integrability of PDEs.
A given PDE is said to possess the Painlevé prop-
erty [18] or be a Painlevé integrable model when it
passes the Painlevé PDE analysis, i.e., the solutions of
this PDE are “single-valued” in the neighbourhood of
noncharacteristic, movable singular manifolds [6]. The
Painlevé integrability is a necessary condition for be-
ing Lax- or IST-integrable [19]. Sequentially, by trun-
cating the Painlevé expansion at the constant level
term, one can obtain the associated BT, the Lax pair,
the Darboux transformation [20], and so on.

According to the WTC procedure, the solutions of
system (1) can be expanded in terms of the Laurent
series as follows:

u(x, t) = ϕ−α(x,t)
∞

∑
j=0

u j(x,t)ϕ j(x,t), (2)

v(x, t) = ϕ−β (x,t)
∞

∑
j=0

v j(x,t)ϕ j(x,t), (3)

where ϕ(x, t) = 0 is the equation of the singular mani-
fold with α and β as positive integers to be deter-
mined. The algorithm of the Painlevé analysis for
system (1) essentially consists of the following three
steps:

Step a. Leading Order Analysis

The leading orders of the solutions of system (1) are
assumed to be

u = u0ϕ−α , v = v0ϕ−β , (4)

where u0 and v0 are analytical functions of (x, t). Sub-
stituting (4) into system (1) and balancing the highest-
order derivative terms with the nonlinear terms, we ob-
tain

α = 1, β = 2.

The leading coefficients u0 and v0 satisfy

−u2
0 −2v0 + 2qu0ϕx = 0, (5)

−3u0v0 −6qv0ϕx −6pu0ϕ2
x = 0. (6)

Solving (5) and (6) with respect to u0 and v0, we have:
case 1:

u0 = 2
√

p + q2ϕx, v0 = 2
(
−p−q2 + q

√
p + q2

)
ϕ2

x ,

case 2:

u0=−2
√

p + q2ϕx,v0= 2
(
−p−q2−q

√
p + q2

)
ϕ2

x ,

i. e., system (1) has two different expansion branches.
In the following steps, we will show that system (1)
possesses the Painlevé property in both expansion
branches.

Step b. Finding the Resonances

This step in the Painlevé analysis is to find the res-
onances, i. e. the powers at which arbitrary coefficient
functions appear in the series. Here we take case 1 as
an example. We can apply the process analoguously to
case 2. Substituting

u = u0ϕ−1 + u jϕ−1+ j

= 2
√

p + q2ϕxϕ−1 + u jϕ−1+ j,
(7)

v = v0ϕ−2 + v jϕ−2+ j

= 2
(
−p−q2 + q

√
p + q2

)
ϕ2

x ϕ−2 + v jϕ−2+ j (8)

into system (1) and collecting the terms with the lowest
powers of ϕ yields the general recursion relation

Q( j)
(

u j
v j

)
=

(
Fj
G j

)
, (9)
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where

Fj =
(

2q−3 jq + j2q−4
√

p + q2

+2 j
√

p + q2
)

ϕ2
x u j − (2− j)ϕxv j,

(10)

G j =
(
9 jp−6 j2p + j3 p + 6q2−2 jq2

−6q
√

p + q2 + 2 jq
√

p + q3
)

ϕ3
x u j

−
(

6q−5 jq + j2q + 6
√

p + q2

−2 j
√

p + q2
)

ϕ2
x v j.

(11)

The resonances are given by

detQ( j) = −( j−4)( j−3)( j−2)(1 + j)(p + q2)ϕ4
x

= 0, valid for j ≥ 1.

Therefore the resonances occur at j = −1, 2, 3, 4, and
the resonance j = −1 is usually associated with the
arbitrariness of the function ϕ(x,t), which describes
the singular hypersurface.

Step c. Verifying the Compatibility Conditions

With the help of symbolic computation we insert the
truncated expansions

u = ϕ−1
4

∑
j=0

u jϕ j, v = ϕ−2
4

∑
j=0

v jϕ j (12)

into system (1), where the upper limit of the sums is
the largest resonance, j = 4. For the resonances j = 2
and j = 3 it turns out that there is only one independent
equation defining u j and v j which means that either of
them is arbitrary. For j = 4, there are two linear equa-
tions defining u4 and v4, but the rank of the matrix of
the coefficients is one, so u4 or v4 is arbitrary. There-
fore, system (1) has solutions of the forms (2) and (3)
with the required number of arbitrary functions and so
passes the Painlevé analysis.

Simultaneously, we can obtain v1 by solving the
equations with the second lowest powers of ϕ :

For case 1: v1 = 2
(

p + q2−q
√

p + q2
)

ϕxx,

for case 2: v1 = 2
(

p + q2 + q
√

p + q2
)

ϕxx.

3. Bilinear Form and N-Soliton Solution for the
WBK Model

By truncating the Painlevé expansion at the constant
level term with two singular manifolds, ϕ and ψ , we
obtain

u =
u0

ϕ
+

u
′
0

ψ
+ u

′
1

= 2
√

p + q2

[
log

(
ϕ
ψ

)]
x
+ u

′
1,

(13)

v =
v0

ϕ2 +
v1

ϕ
+

v
′
0

ψ2 +
v
′
1

ψ
+ v

′
2

= 2(p + q2) [log(ψϕ)]xx

−2q
√

p + q2

[
log

(
ϕ
ψ

)]
xx

+ v
′
2,

(14)

where we have taken (u0,v0) for one expansion branch
and (u

′
0, v

′
0) for the other.

Assuming ϕ ↔ g, ψ ↔ f , u
′
1 = 0 and v

′
2 =

4c
√

p + q2 (c is an arbitrary constant) in (13) and (14),
we get the following dependent variable transforma-
tion:

u = 2
√

p + q2

[
log

(
g
f

)]
x
, (15a)

v = 2(p + q2) [log( f g)]xx

−2q
√

p + q2

[
log

(
g
f

)]
xx

+ 4c
√

p + q2.
(15b)

Through transformations (15a) and (15b) system (1)
becomes the bilinear form

(
Dt +

√
p + q2D2

x

)
g · f = 0,(

DxDt +
√

p + q2D3
x + 4cDx

)
g · f = 0,

(16)

where Dt , Dx, D2
x , D3

x and DxDt are bilinear derivative
operators [21] defined by

Dm
x Dn

t a ·b ≡
(

∂
∂x

− ∂
∂x′

)m (
∂
∂t

− ∂
∂t ′

)n

·a(x, t)b(x
′
, t

′
)
∣∣∣
x′=x,t′=t

.

(17)

Hereby we can construct the N-soliton solution of sys-
tem (1) based on (16) as follows:

g = ∑
µ=0,1

exp

[
N

∑
i=1

µi(ηi + θ̂i)+
(N)

∑
i< j

µiµ jδi j

]
, (18)
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Fig. 1. (a) Evolution of an up-down bell-shaped soliton
via (15a) together with expressions (23) – (26). The param-
eters are chosen as: c = 1, p = 1, q = 1, and p1 = 2. (b) Evo-
lution of a bell-shaped soliton via (15b) together with (23) –
(26) by the same parameters as in (a).

f = ∑
µ=0,1

exp

[
N

∑
i=1

µi(ηi + θ̂ ′
i )+

(N)

∑
i< j

µiµ jδi j

]
, (19)

where

ηi = (pi−qi)(p+q2)−
1
4 x+(p2

i −q2
i )t +η0

i , (20)

expδi j =
(pi − p j)(qi −q j)
(pi −q j)(qi − p j)

, (21)

exp(θ̂i) = qi, exp(θ̂ ′
i ) = pi, and piqi = c, (22)

while pi and qi are parameters characterizing the i-th
solition, η0

i (i = 1,2, · · · ,N) are arbitrary constants,
∑µ=0,1 is the summation over all possible combina-

tions of µ1 = 0,1, µ2 = 0,1, · · · ,µN = 0,1, and ∑(N)
i< j

is the summation over all possible pairs chosen from
N elements under the condition i < j.

For N = 1, expressions (18) and (19) read

g = 1 + q1 exp(η1), (23)

f = 1 + p1 exp(η1), (24)

η1 = (p1−q1)(p+q2)−
1
4 x+(p2

1−q2
1)t +η0

1 , (25)
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Fig. 2. (a) Elastic interaction of two solitons via (15a) to-
gether with expressions (27) – (31). The parameters are cho-
sen as: c = 1, p = 1, q = 1, p1 = 3.5, and p2 = 2. (b) Elastic
interaction of two solitons via (15b) together with (27) – (31)
by the same parameters as in (a).

p1q1 = c, (26)

which is a one-soliton solution of system (1).
For N = 2, expressions (18) and (19) can be written

as

g = 1 + q1 exp(η1)+ q2 exp(η2)

+ q1q2
(p1 − p2)(q1 −q2)
(p1 −q2)(q1 − p2)

exp(η1 + η2),
(27)

f = 1 + p1 exp(η1)+ p2 exp(η2)

+ p1 p2
(p1 − p2)(q1 −q2)
(p1 −q2)(q1 − p2)

exp(η1 + η2),
(28)

η1 = (p1 −q1)(p + q2)−
1
4 x +(p2

1 −q2
1)t + η0

1 , (29)

η2 = (p2 −q2)(p + q2)−
1
4 x +(p2

2 −q2
2)t + η0

2 , (30)

p1q1 = c, p2q2 = c, (31)



C. Zhang et al. · The Whitham-Broer-Kaup Shallow Water Model 257

(a)

�15
�10
�5

0
5

10
15

x�8
�6
�4
�2

0
2

t

0

�2
u

�
�1
�5

0
5

10
15

x

(a′)

�15 �10 �5 5 10 15
x

�5

�4

�3

�2

�1

u

t��4t��2

t�1t�3

(b)

�18
�12
�6

0
6

12
18

x
�14
�10
�6
�2

2
6

t

2

4

v
18
�12
�6

0
6

12
x

(b′)

�20 �10 10 20
x

1

2

3

4

5
v

t��3
t��2

t�1
t�3t�5t�8

Fig. 3. (a) Surface of a two-shock-wave solution via (15a) together with expressions (27) – (31). The parameters are chosen
as: c = 0, p = 1, q = 1, p1 = 2, and p2 = 1. (a’) The corresponding trajectories of (a) at: t = −4, t = −2, t = 1, and t = 3.
(b) Coalescence interaction of a two-soliton solution via (15b) together with (27) – (31) by the same parameters as in (a).
(b’) The corresponding trajectories of (b) at: t = −3, t = −2, t = 1, t = 3, t = 5, and t = 8.

which describe the two-soliton solution for the WBK
model with appropriate parameters.

In order to better understand the mechanism of
the WBK model, we draw some figures to ana-
lyze the behaviours of the solitons described by ex-
pressions (23) – (31). Figures 1a and 1b display two
different bell-shaped soliton structures. In Figs. 2a
and 2b, it is clearly seen that two solitons main-
tain their original amplitudes and velocities after col-
lision except for the phase shifts. Additionally, by
choosing different parameters in expressions (27) –
(31), we can obtain other two-soliton interaction
modes. For the special case c = 0, expressions (27) –
(31) could describe the coalescence phenomenon of
two travelling waves [22]. Figure 3a shows that two
traveling waves which are both shock profiles co-
alesce into one large shock wave as the time in-
creases, while Fig. 3b presents the coalescence inter-
action of two bell-shaped solitary waves. Figures 3a′
and 3b′, respectively, give specific views of Figs. 3a
and 3b at different times. Actually, it turns out that
a large-amplitude wave can be generated in Fig-
ure 3b.

We note that (21) can be expressed in different forms
as

expδi j =
c(pi − p j)2

(c− pip j)
or expδi j =

(c− piq j)2

c(pi −q j)2

(i < j),
(32)

which may diverge when we take c = 0. Here, the arbi-
trary constant c enriches the solutions (18) and (19) by
a long way and plays an important role in manipulat-
ing the interactions of solitons. The coefficients of the
interaction terms in (27) and (28) vanish with c = 0,
which leads to the coalescence phenomena. For N ≥ 3,
analogous results can be obtained by choosing appro-
priate pi and qi with the constraint piqi = 0. In this
sense, the solutions (18) and (19) obtained in this pa-
per are more general and abundant. Moreover, with
suitable choices of the parameters, the solutions re-
flect various soliton surfaces and can so be used to de-
scribe many more realistic phenomena in shallow wa-
ter waves.

We know that p and q represent different diffusion
strengths in system (1) and the widths of solitons vary
with the changes of the parameters p and q. As seen
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Fig. 4. (a) Three different choices of p and q with the same
other parameters as in Fig. 1a via (15a) together with expres-
sions (23) – (26) at t = −0.25. (b) Three different choices
of p and q with the same other parameters as in Fig. 1a
via (15b) together with (23) – (26) at t = −0.5.

in Figs. 4a and 4b, the widths of solitons get broaden
while the values of p and q increase (and vice versa).

4. Auto-Bäcklund Transformation in Bilinear
Form for the WBK Model

It is known that the auto-BT can give a hierarchy
of explicit solutions including the N-soliton solution.
In this section, based on (16), a bilinear auto-BT for
system (1) is presented as(

Dt +
√

p + q2D2
x + δ

)
g ·g′

= 0 , (33a)

(
Dt +

√
p + q2D2

x + δ
)

f · f
′
= 0 , (33b)

Dx f ·g′
= λ g f

′
, (33c)(

DxDt +
√

p + q2D3
x + 4cDx

)
g ·g′

= 0 , (33d)(
DxDt +

√
p + q2D3

x + 4cDx

)
f · f

′
= 0 , (33e)

Dt f ·g′ −3λ
√

p + q2Dxg · f
′ −µg f

′
= 0 , (33f)

where (g, f ) and
(

g
′
, f

′)
are two different solutions

of (16), and δ , λ , µ , and c are all arbitrary constants.
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Fig. 5. (a) Stable propagation of a kink-shaped soliton via
expression (37) with: c = 1, k = 1, A = 1, p = 1, and q = 1.
(b) Stable propagation of a bell-shaped soliton via expres-
sion (38) with the same parameters as in (a).

For illustration, we can calculate the one-soliton solu-
tion from the seed solutions g

′
= 1 and f

′
= 1. Substi-

tuting the seed solutions into (33) yields

gt +
√

p + q2gxx + δg = 0 , (34a)

ft +
√

p + q2 fxx + δ f = 0 , (34b)

fx = λ g , (34c)

gxt +
√

p + q2gxxx + 4cgx = 0 , (34d)

fxt +
√

p + q2 fxxx + 4c fx = 0 , (34e)

ft −3λ
√

p + q2gx − µg = 0 , (34f)

from which we can obtain

f = 1 , (35)

g = 1 + Aekx−k2
√

p+q2t , (36)

where A and k are both arbitrary constants, and δ , λ , c,
and µ are assumed to be zero.
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Moreover, according to (15a), (15b), (35), and (36),
the one-soliton solution of system (1) in explicit form
can be expressed as

u =
2Ak

√
p + q2ekx

ek2
√

p+q2t + Aekx
, (37)

v = 4c
√

p + q2

+
2Ak2

[
p + q(q−

√
p + q2)

]
ekx+k2

√
p+q2t(

ek2
√

p+q2t + Aekx
)2 .

(38)

It is found that the solutions (37) and (38) have kink
and bell profiles which might be seen from Figs. 5a
and 5b, respectively.

5. Conclusion and Discussion

In this paper, we have applied the Painlevé analy-
sis to the WBK shallow water model and proved that
this model possesses the Painlevé property in two dif-
ferent expansion branches. By truncating the Painlevé
expansion at the constant level term with two singu-
lar manifolds, we have derived the dependent variable
transformations which transform the WBK model into
its bilinear form. Accordingly, the N-soliton solution
for the WBK model has been presented and the inter-
action of solitons has been graphically illustrated and
analyzed with different suitable choices of parameters.
The behaviour of the solutions as functions of the cho-
sen parameters has been discussed in Section 3. Fur-
thermore, we have also constructed a bilinear auto-BT
and obtained a one-solion solution from the seed solu-
tion. Based on the above results, it has been shown that
the Painlevé analysis and the Hirota bilinear method
can be used to study the WBK model.

The method with which we got the dependent vari-
able transformations in Section 3 is applicable to

a large class of NLEEs, such as the Korteweg-de
Vries (KdV) equation, the coupled KdV equations,
the nonlinear Schrödinger equation and the (2 + 1)-
dimensional potential Kadomtsev-Petviashvili (pKP)
equation [23]. Even for some nonintegrable NLEEs
in the sense of not possessing the Painlevé property,
such as the (2 + 1)-dimensional Boussinesq equation,
the (3 + 1)-dimensional KP equation and the (2 +
1)-dimensional Jimbo-Miwa equation [24], the trun-
cated Painlevé expansion can also be used to con-
struct the dependent variable transformations. How-
ever, not for all NLEEs one can obtain the dependent
variable transformations by this method. Examples are
the nonisospectral sine-Gordon equation, the Nizhnik-
Novikov-Veselov equation, the coupled Ramani equa-
tion [25] and the (2 + 1)-dimensional Dougherty-
Krieger equation. So further studies on the relation
between the Hirota bilinear method and the Painlevé
analysis are worthwhile.
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